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ISOMORPHISMS OF GRADED PATH ALGEBRAS
JASON GADDIS
Abstract. We prove that if two path algebras with homogeneous relations
are isomorphic as algebras, then they are isomorphic as graded path algebras.
This extends a result by Bell and Zhang in the connected case.
Given a family of (noncommutative) algebras, the isomorphism problem is to
determine under what conditions there exists an isomorphism between two members
of that family. See [1, 2, 3, 6, 7, 8, 10, 12].
In this note, we study the isomorphism problem for path algebras of quivers
modulo homogeneous relations. Such algebras appear naturally in the study of
(twisted) Calabi-Yau algebras [4, 5, 9, 13, 14]. In particular, we show that any
isomorphism between two such algebras reduces to an isomorphism that respects
the path-length filtration.
Throughout, k is a field, all algebras are k-algebras, and dim = dimk. An algebra
A is N-graded if it has a k-vector space decomposition A =
⊕∞
n=0An such that
Am · An ⊂ Am+n. Suppose B is another N-graded algebra with decomposition
B =
⊕∞
n=0Bn. We say A and B are isomorphic as graded algebras if there exists
an algebra isomorphism φ : A→ B such that φ(An) = Bn. The next theorem is a
powerful tool in the study of isomorphism problems for graded algebras.
Theorem (Bell, Zhang [2, Theorem 0.1]). Let A and B be two connected graded
algebras finitely generated over k in degree 1. If A ∼= B as ungraded algebras, then
A ∼= B as graded algebras.
A quiver Q = (Q0, Q1) is a directed graph where Q0 is the set of vertices and Q1
is the set of arrows. We assume throughout that |Q0|, |Q1| < ∞. For a ∈ Q0, we
denote by s(a) and t(a) the source and target of a, respectively. The (u, v)-entry of
the adjacency matrix MQ of Q records the number of arrows from vertex u to vertex
v. A path in Q is a collection of arrows p = a0a1 · · · an such that s(ak) = t(ak−1)
for k = 1, . . . , n. In this case, s(p) = s(a0) and t(p) = t(an). The path p is said
to be a cycle if s(p) = t(p). Note that the number of paths in Q from vertex u to
vertex v of length ℓ is the (u, v)-entry of (MQ)
ℓ.
At each vertex v ∈ Q0 there is a trivial path ev with s(ev) = t(ev) = v. A
quiver is a monoid under the operation of concatenation. That is, given paths
p = a0a1 · · · an and q = b0a1 · · · bm, p · q = a0 · · · anb1 · · · bm if s(q) = t(p) and
p · q = 0 otherwise. The path algebra kQ is the set of finite linear combinations
of paths with multiplication extended linearly and identity element 1 =
∑
v∈Q0
ev.
This implies that the trivial paths form a complete set of orthogonal idempotents.
If I is an ideal of kQ generated by elements of homogeneous path length at
least one, then A = kQ/I has the structure of an N-graded algebra when we assign
deg(a) = 1 for all a ∈ Q1. We say the ideal I is homogeneous if it is generated
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by homogeneous elements. However, this grading ignores some of a path algebra’s
most significant structural properties. Suppose p ∈ I is a homogeneous relation in
path length. Then we decompose p as p =
∑
u,v∈Q0
eupev where each summand
eupev ∈ I. It will be convenient in this exposition to regard an element r ∈ kQ as
homogeneous if all summands of r have the same (path) length, source, and target.
Remark 1. If I is a homogeneous ideal of kQ with a degree zero relation, then
necessarily I contains ev for some trivial path ev. Furthermore, I contains any
path passing through vertex v. Then kQ/I ∼= kQ′/I′ where Q′ is obtained from Q
by removing vertex v and any path through it, and I′ is the induced ideal on kQ′.
Similarly, if I contains a degree one relation from vertex u to vertex v, then we
may replace Q by a quiver Q′ wherein we remove one of the nonzero summands of
that relation. Henceforth, we assume that homogeneous ideals I of a path algebra
kQ contain no degree zero or degree one relations.
Let A = kQ/I and B = kQ′/I′ with I, I′ homogeneous ideals. Set (An)uv
to be the paths of length n (modulo relations in I) from vertex u to vertex v.
Thus, we record dimAn as a (|Q0| × |Q0|)-matrix where the values of (dimAn)uv
are dim((An)uv) and similarly for B. We say A and B are isomorphic as graded
path algebras if MQ′ = PMQP
−1 for some permutation matrix P corresponding to
σ ∈ S|Q0| and there exists an algebra isomorphism φ : A→ B such that φ((An)uv) =
(Bn)σ(u)σ(v). In Theorem 5, we prove that if two graded path algebras A = kQ/I
and B = kQ′/I′ are isomorphic as (ungraded algebras), then they are isomorphic
as graded path algebras. Theorem 5 reduces to [2, Theorem 0.1] when |Q0| = 1.
Let A = kQ/I with I homogeneous, |Q0| = n, and J a not necessarily homoge-
neous ideal in A. Consider the induced map A0 → A/J where A0 = ke1+ · · ·+ken.
If this map is an isomorphism then we write dimA/J = In. We write dim J/J
2 = S
where S is an n× n matrix in which Suv = dim((euJev + J
2)/J2).
Definition 2. Let A = kQ/I with I homogeneous, |Q0| = n, and let S be an
n× n matrix with entries in N. An ideal J of A with the property dimA/J = In
and dim J/J2 = S is a codimension In ideal of tangent dimension S. Let JS(A) be
the intersection of all such ideals in A. If this intersection is empty, then we set
JS(A) = A.
The irrelevant ideal of A = kQ/I, generated by the image of Q1 in A, is denoted
A+. Note that A+ is necessarily a codimension In ideal of tangent dimension MQ.
Given two matrices S, S′ ∈ Mn(N), we say S > S
′ if Suv ≥ S
′
uv for all u, v and
there exists u0, v0 such that Su0v0 > S
′
u0v0
. Next we generalize [2, Lemma 5] to the
case of path algebras.
Lemma 3. Let A = kQ/I with I homogeneous and set M = MQ. If Suv > Muv
for some u, v ∈ Q0, then JS(A) = A and if dimA+/(A+)
2 = N , then JN (A) ⊂ A+.
Proof. Let {auvk }
Muv
k=1 be a set of generators of A, where u, v denotes the source and
target of each particular generator. Now if J is an ideal of codimension In, then J
is generated by {xuvk }
Muv
k=1 where
xuvk =
{
auvk if u 6= v
auuk − α
uu
k eu if u = v,
with αuuk ∈ k. Hence A is generated by {x
uv
k }
Muv
k=1 and J
2 is generated by {xuvk x
vw
ℓ }.
It follows that (dim(J/J2))uv ≤Muv and so dim J/J
2 ≤M . 
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For a homomorphism φ : A → B of N-graded algebras, we denote by φk(a) the
degree k component of the image φ(a). Part of the next lemma generalizes [11,
Lemma 3.2].
Lemma 4. Let A = kQ/I and B = kQ′/I′ with I, I′ homogeneous ideals. If
φ : A → B is an isomorphism, then |Q0| = |Q
′
0| and MQ′ = PMQP
−1 for some
permutation matrix P .
Proof. Let M = MQ and N = MQ′ . Suppose |Q0| = n (resp. |Q
′
0| = m) and
denote the trivial orthogonal idempotents of kQ (resp. kQ′) by e1, . . . , en (resp.
f1, . . . , fm). Suppose
φ(eu) =
∑
αuvfv + (higher degree paths)
where αuv ∈ k. Then∑
αuvfv = φ0(e1) = φ0(e
2
1) =
∑
v
α2uvfv.
Thus, each αuv = 0 or 1. By the grading on A, and because I is homogeneous,
then it follows that at least one of the αuv must be nonzero.
If u 6= w, then 0 = φ0(euew) =
∑
αuvαwvfv. Since there are no degree zero
relations in I or I′, then φ0(eu) and φ0(ev) have no common nonzero summands
amongst the fv. Hence, n ≤ m and by considering φ
−1 we have m ≤ n, so n = m.
That is, φ0 determines a permutation σ on the vertices of Q so that φ0(eu) = fσ(u).
After renumbering vertices, we may assume that σ = id.
Let a ∈ Q1 with source u and target v. By the above,
φ(eu) = fu + b1 + · · ·+ bℓ
for some bi ∈ (B+)
i. Then
φ(a) = φ(eua) = (fu + b1 + · · ·+ bℓ)φ(a).
Write φ(a) = φ0(a) + · · ·+ φd(a) with φd(a) 6= 0. If bℓφd(a) 6= 0, then it has degree
d + ℓ, a contradiction. It follows by induction that biφd(a) = 0 for all i. Thus,
fuφd(a) = φd(a). Suppose biφk(a) = 0 for all i and some k, 0 < k ≤ d. Then
fuφk(a) = φk(a). Moreover, bℓφk−1(a) has degree ℓ + k − 1 ≥ k if it is nonzero,
implying bℓφk−1(a) = 0. As before we can now conclude that biφk−1(a) = 0 for all
i. Induction again implies that fuφ(a) = φ(a). Similarly, φ(a)fv = φ(a).
Since φ is an isomorphism, then J = φ(A+) is a codimension In ideal ofB. By the
previous paragraph,Muv = dim((fuJfv+J
2)/J2) and so by Lemma 3, Muv ≤ Nuv
for all u, v. Reversing the argument we get Nuv ≤Muv, so N =M . 
Not every isomorphism φ : A → B of graded path algebras necessarily takes
vertices to vertices. For example, there is an automorphism φ of the quiver
1•
a // •2
defined by φ(e1) = e1 + a, φ(e2) = e2 − a, and φ(a) = a. However, Theorem 5
will show that there always exists an isomorphism in which trivial paths are sent
to trivial paths.
The next proof closely follows [2, Theorem 1]. However, that result makes heavy
use of commutators which are not as well suited to the path algebra case. In addition
to other technical hurdles, our proof aims to avoid the use of commutators.
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Theorem 5. Let A = kQ/I and B = kQ′/I′ with I, I′ homogeneous ideals gen-
erated in degree at least two. If A ∼= B as (ungraded) algebras, then A ∼= B as
graded path algebras.
Proof. By Lemma 4, MQ′ = PMQP
−1 for some permutation matrix P . After
renumbering vertices we may assume M = MQ = MQ′ . Let φ : A → B be the
given (ungraded) isomorphism. Denote by e1, . . . , en (resp. f1, . . . , fn) the trivial
idempotents of kQ (resp. kQ′). For each 1 ≤ u, v ≤ |Q0|, let {x
uv
k }
Muv
k=1 (resp.
{yuvk }
Muv
k=1 ) denote the subset of generators of A1 (resp. B1) that lie in euA1ev
(resp. fuB1fv).
The proof of Lemma 4 asserts that if a ∈ Q1 has source u and vertex v, then
for every k we have that φk(a) is a linear combination of paths with source u and
vertex v. In particular, fuφ0(a) = φ0(a) = φ0(a)fv. If u = v, then φ0(a) = αfu for
some α ∈ k. If u 6= v, then φ0(a) = 0. An identical argument may be applied to
φ−1.
Set J = φ(A+) and K = φ
−1(B+). Since B+ is generated by the y
uv
k , then by
the grading on B, B+/(B+)
2 =
⊕
u,v
⊕Muv
k=1 ky
uv
k . As K is a codimension In ideal
of tangent dimension M , then by a linear change of variable,
Kuv =
{
euA(x
uv
1 , . . . , x
uv
Muv
)Aev if u 6= v
euA(x
uu
1 , . . . , x
uu
Muu
− αueu)Aeu if u = v
for some αu ∈ k and
(K/K2)uv =
{⊕Muv
k=1 kx
uv
k if u 6= v⊕Muu
k=1 kx
uu
k ⊕ kx
uu
Muu
− αueu if u = v.
Thus, φ induces a k-linear isomorphism φ : K/K2 → B+/(B+)
2. Set
X = {xuvk : u 6= v or (u = v and k 6=Muu)}
Y = {yuvk : u 6= v or (u = v and k 6= Muu)}.
Let X c = {xuuMuu} and Y
c = {yuuMuu}. After reordering vertices and a linear change
of variable we may assume that there exists y′ ∈ (B+)
2 such that
φ(xuvk ) =
{
yuvk + y
′ if xuvk ∈ X
αufu + y
uv
k + y
′ otherwise.
Suppose αu = 0 for all u ∈ Q0. Then J ⊂ B+ and because J has codimension In
we have J = B+. Thus, φ induces a graded algebra isomorphism from grA+ A :=⊕∞
i=0(A+)
i/(A+)
i+1 to grB+ B :=
⊕∞
i=0(B+)
i/(B+)
i+1, which maps eu 7→ fu.
Since A ∼= grA+ A and B
∼= grB+ B as graded algebras. In particular, this proves
the theorem for quivers without loops.
We write r(X ) (resp. r(Y)) for a polynomial in the x ∈ X (resp. y ∈ Y). If p
is a path consisting of arrows in X , then φ(p) = q + q′ for some path q consisting
of arrows in Y and some q′ ∈ (B+)
2. Set au = x
uu
Muu
(resp. bu = y
uu
Muu
). By the
above, φ(au) = αufu + bu + b
′
u for some αu ∈ k and some b
′
u ∈ (B+)
2.
Let r be any homogeneous relation in the {xuvMuv} of path degree d with source
u and target v. We claim that r is also a relation in the {yuvMuv} and hence
dim(Ad)uv = dim(Bd)uv. This claim holds trivially for all u, v when d = 0 or
1 so assume it holds for all n < d.
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We decompose r as r =
∑d
k=0 rk where each rk is itself a sum of paths containing
exactly k loops in X c. If r = r0, then r is a relation in the X and thus,
r(Y) = r(Y) − φ(r(X )) ∈ (B+)
d+1.
Since r(Y) has degree d, then homogeneity implies that r(Y) = 0 as claimed.
We obtain r′k ∈ A from rk by replacing each loop au with the corresponding αu.
Then r′k is a homogeneous polynomial of degree d − k with source u and target v.
Let w be a path summand of sk. Then
w = pi0aui1 pi1 · · ·auik pik
where each aui1 ∈ X
c and each pi1 is a (possibly trivial) path consisting of arrows
in X . Then, in the the notation above, we have that
φ(w) = (qi0 + q
′
i0
)
k∏
j=1
(αi1j fuij + buij + b
′
uij
)(qij + q
′
ij
).
If r′k = 0 for all k > 0, then we have
r({yuvMuv}) = r({y
uv
Muv
})− φ(r({xuvMuv})) ∈ (B+)
d+1,
so r({yuvMuv}) = 0 as claimed. Now let ℓ > 0 be the largest degree such that r
′
ℓ 6= 0.
It follows that the lowest degree component of φ(r) is r′ℓ(Y). So, by homogeneity,
r′ℓ(Y) = 0. Thus, there exists a relation r
′
ℓ in the {y
uv
Muv
} of degree d− ℓ from vertex
u to vertex v such that r′ℓ is nonzero in {x
uv
Muv
}. Since dim(Ad−ℓ)uv = dim(Bd−ℓ)uv,
then there exists a relation r′′ of degree d− ℓ in the {xuvMuv} such that r
′′ is nonzero
in the {yuvMuv}. This contradicts our hypothesis and so the claim holds for n = d.
Thus, dim(Ad)uv ≥ dim(Bd)uv for all d and all choices of u and v. Applying
φ−1 we obtain the reverse inequality and so dim(Ad)uv = dim(Bd)uv. Hence, the
map φ : A → B given by φ(xuvk ) = y
uv
k and φ(eu) = fu is a graded path algebra
isomorphism. 
An initial application of Theorem 5 is the Zariski cancellation problem. See
[3, 12] for more background on this problem for noncommutative algebras.
Let Q be a quiver with |Q0| = n and A = kQ/I a graded path algebra. Then
the polynomial extension A[t] is again a graded path algebra with adjacency matrix
MQ + In. The following theorem is now almost immediate from [2, Theorem 9].
Theorem 6. Let A and B be graded path algebras. Suppose that Z(A)∩A1 = {0}.
If A[t1, . . . , tn] ∼= B[s1, . . . , sn] as ungraded algebras, then A ∼= B.
Let Q be the quiver below.
•u
d
++
a
88 •
v
c
kk bff
If I = (a2 − dc, b2 − cd) ⊂ kQ, then kQ/I ∼= A#G where A = k〈u, v : u2 − v2〉 and
G = 〈g〉 is the cyclic group of order 2 acting on A by g(u) = u and g(v) = −v. For
q1, q2 ∈ k
×, set C(q1, q2) = kQ/(ad− q1db, ca− q2bc). Then C(1, 1) ∼= B#G where
B = k[u, v] and G acts on B by g(u) = u and g(v) = −v. It follows immediately
from Theorem 5 that A#G 6∼= B#G.
Proposition 7. Let p1, p2, q1, q2 ∈ k
×. Then C(q1, q2) ∼= C(p1, p2) if and only if
there exists k ∈ k× such that (p1, p2) = (kq1, kq2) or (p1, p2) = (kq
−1
1 , kq
−1
2 ).
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Proof. By Theorem 5, we may assume that there is an isomorphism of graded path
algebras φ : C(q1, q2)→ C(p1, p2). Thus, we have one of the following cases:
(1) φ(a) = k1a, φ(b) = k2b, φ(c) = k3c, φ(d) = k4d,
(2) φ(a) = k1b, φ(b) = k2a, φ(c) = k3d, φ(d) = k4c,
for some ki ∈ k
×.
Suppose we are in the first case, then
φ(ad − q1db) = k4(k1ad− q1k2db) = k4(k1p1 − k2q1)db,
φ(ca− q2bc) = k3(k1ca− q2k2bc) = k3(k1p2 − k2q2)bc.
Thus, pi = (k2/k1)qi. The second case is similar. 
References
1. V. V. Bavula and D. A. Jordan, Isomorphism problems and groups of automorphisms for
generalized Weyl algebras, Trans. Amer. Math. Soc. 353 (2001), no. 2, 769–794. MR 1804517
2. Jason Bell and James J. Zhang, An isomorphism lemma for graded rings, Proc. Amer. Math.
Soc. 145 (2017), no. 3, 989–994. MR 3589298
3. , Zariski cancellation problem for noncommutative algebras, Selecta Math. (N.S.) 23
(2017), no. 3, 1709–1737. MR 3663593
4. Raf Bocklandt, Graded Calabi Yau algebras of dimension 3, J. Pure Appl. Algebra 212 (2008),
no. 1, 14–32. MR 2355031
5. Raf Bocklandt, Travis Schedler, and Michael Wemyss, Superpotentials and higher order
derivations, J. Pure Appl. Algebra 214 (2010), no. 9, 1501–1522. MR 2593679
6. S. Ceken, J. H. Palmieri, Y.-H. Wang, and J.J. Zhang, The discriminant controls automor-
phism groups of noncommutative algebras, Adv. Math. 269 (2015), 551–584. MR 3281142
7. Jason Gaddis, Isomorphisms of some quantum spaces, Ring theory and its applications, Con-
temp. Math., vol. 609, Amer. Math. Soc., Providence, RI, 2014, pp. 107–116. MR 3204354
8. , The isomorphism problem for quantum affine spaces, homogenized quantized Weyl
algebras, and quantum matrix algebras, J. Pure Appl. Algebra 221 (2017), no. 10, 2511–2524.
MR 3646315
9. Jason Gaddis and Daniel Rogalski, Quivers supporting twisted Calabi-Yau algebras,
arXiv:1809.10222 (2018).
10. K. R. Goodearl and J. T. Hartwig, The isomorphism problem for multiparameter quantized
Weyl algebras, Sa˜o Paulo J. Math. Sci. 9 (2015), no. 1, 53–61. MR 3413379
11. Ryan Kinser and Chelsea Walton, Actions of some pointed Hopf algebras on path algebras of
quivers, Algebra Number Theory 10 (2016), no. 1, 117–154. MR 3474843
12. O. Lezama, Y.-H. Wang, and J. J. Zhang, Zariski cancellation problem for non-domain non-
commutative algebras, Math. Z. 292 (2019), no. 3-4, 1269–1290. MR 3980292
13. Manuel L Reyes and Daniel Rogalski, A twisted Calabi-Yau toolkit, arXiv:1807.10249 (2018).
14. , Growth of graded twisted Calabi-Yau algebras, J. Algebra 539 (2019), 201–259.
Miami University, Department of Mathematics, 301 S. Patterson Ave., Oxford, Ohio
45056
E-mail address: gaddisj@miamioh.edu
